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Abstract 



The rules for superfield Lagrangian quantization method for general gauge theo- 
ries on a basis of their generalization to special superfield models within a so-called 
^-superfield theory of fields (0-STF) are formulated. The 6>-superfield generating 
functionals of Green's functions together with effective action are constructed. Their 
properties including new interpretation and superfield realization of BRST trans- 
formations, Ward identities are studied. 

t— I 

To the construction problem of the superfield variants of Lagrangian [1] and canonical 



[2] quantization methods for gauge theories realizing the superfield BRST principle one 
had been devoted a number of works [3,4], [5] exploiting trivial and nontrivial linking of 
even t and odd 9 supertime V = (t, 9) projections. These investigations are correlated, 
in particular, with appearance of the superfield models construction methods known as 
generalized Poisson sigma models [6] geometrically detailed in [7] and developed further 
by Batalin and Marnelius [8]. 

Lagrangian superfield quantization versions [3,4], [5] possessing by usual properties of 
the BV method [1] nevertheless do not suggest the explicit ways to define in superfield 
form the gauge algebra structural functions determining field theory model that leads 
to difficulties when explicit describing of the generating equations solutions structure. 
Additionally a specificity of generating functional of Green's functions (GFGF) Z[$*] 
definition [3] appearing in dependence, in general, of the gauge fermion \l/[$] and quantum 
action $*] on fields X A (being by superfield § A (9) components in = 
(<p A + \ A 9, (j)* A - 9 J A )) leads to Z[$*\ difference from BV method GFGF [1]. That fact 
serves, in particular, by the obstacle to introduce the superfield effective action (EA). 

By one from the key ideas in constructing of Lagrangian general superfield quantization 
(GSQ) resolving the mentioned peculiarities of method [3,4] and containing the rules of 
initial classical objects representation within 0-STF one have appeared the enlargement 
to depend on 9 trivially linking with t of the all standard gauge field theory objects 
(action, GFGF, ...). Intensive use of an analogy with classical Lagrangian and Hamiltonian 
mechanics (field theory) realizes the gauge invariance properties of initial (9 = 0) model (in 
particular, BRST transformations) in the form of Lagrangian and Hamiltonian systems 
with dynamical 9. The main results of the report are presented in [9-11]. 
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By the central and not equivalent Lagrangian 0-STF objects are the superfunctional 
Z[A] and Ai(#; IR)-valued Lagrangian action function Sl(0) = Sl(A(9), dgA(9),9) defined 
on odd tangent bundle T odd M. c i x {9} over configuration space M. c i of superfields A 1 (9) 
= A* + \ l 9 (i = l,...,n = n + + n_, = ((e P )„ (ej)„ e,)) 

ZL4] = <9 e S L (#), e(Z) = ^) = (1,0, 1), e(S L ) = 0, (1) 

with Z 2 -gradings e = (ep,ej,e), (e = Sp + ej) whose auxiliary components (ej, Sp) are 
Grassmann parities w.r.t. superspace M = M. x P = {(z M ,9)} coordinates z M , 0. 
may be realized as the quotient of global symmetry supergroup J — JxP, P — exp{ifipg}, 
A* 2 = Pe = (for instance, with a choice as the J the spacetime SUSY group). 

From Tjj-scalars Sl{9), Z[A] w.r.t. action of J-superfield representation T restriction 
on P: T\p the only Sl{9) is nontrivially transformed (under transformations A l {9) — > 

5S L (0) = S L (A'(9),d e A'(9),9) - S L (9) = -fi(& + P (9)U+(9)) S L (9), (2) 

o „ 

where were introduced the operator U+{9) = d e A l {9) q 1 Ai ^ and projector Pq{9) from 
system {P a {9) = 5 a0 (l - 9d e ) + 5 al 9d e , a = 0,l,d e = d l e } acting on T odd M d x {6}. 
The dynamics of the model is encoded in 6>-superfield Euler-Lagrange equations 

6 ' Z[A] ' -l) e 'ft a ,n 7777a\" 1 = 4(0)S L (6>) = 0, (3) 



<U*(0) \dA\9) v 7 ^(^'(fl)). 

which are equivalent due to identities dgA l (9) = to Lagrangian system (LS) of the 2nd 
(formally) order on 9 2n differential equations (DE) 

Lagrangian differential constraints Oj(0) = 0,(.4.(0), <9 e .4(6>), 0), firstly, restrict the Cauchy 
problem setting for LS and, secondly, may be as the 1st order on 9 DE by functionally 
dependent. Provided that a local supersurface £ exists the such that 



Oj(6>)|vj = 0, dim E = (m+, ra_), rank £ 



- (m+,m_), (5) 



&A>(0i) <M»(0) 

there are at least m = m + + m_ differential identities (for a = 1, m = m 0+ + m _) 



d9 



S r Z[A] 
8M6) 



K O (0;0') = O, <(^^ = E(W fe ^-^)^L W)^^)^)- ( 6 ) 



with functionally dependent for (m +,m -) > (to+,to_) generators TV (A(9),dgA(6),8; 
9') of general gauge transformations: S g A l (9) = j d9'TV a {9\ 0')£ a °(0'), leaving Z\A\ by 
invariant. In the case of the 0-STF model representability in the natural system form: 
(Sl(9) = T(dgA(9)) — S(A(9),9)), functions 0,(0) pass into holonomic constraints given 
on Md x {9} (for 9 = being by usual extremals for S (A) = £(.4.(0), 0)) 

9,(0) = -S n (A(9),9)(-ir = 0, S n (9) = (7 ) 
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Condition (5), identities (6) take the (usual for 9 — 0) form 

rank, \\S, t3 (A(9),9)\\\ £ = ^ n ~) ~ (™+>™-). S n (A(9),9)n o l ao (A(9),0) = 0, (8) 

with linearly dependent generators of special gauge transformations (SGT): 5A l (9) = 
^Oa Q (^( d )^ e )Co"(d) w.r.t. which the only S(9) is invariant. Relations (7, 8) define the 
reducible special type gauge theory (GThST) in contrast to one of general type (GThGT), 
^-locally including GThST, with more general expressions for Sl{9), Q t (9). 

Independently #-STF model is formulated without Ai c i extension in terms of Hamil- 
tonian classical action superfunction Sh(X(9), 9) given on T* dd A4 c i x {9} = {(T p (9),9)} 
with superantifields (A* t (9) = A* - 9J t ) included in T p (9) = (A\A* t )(9), (e(A*) = e(A % ) 
+ (1, 0, 1)). In that case the equivalence of the Hamiltonian and Lagrangian 0-STF model 
formulations is ensured by the supermatrix ||(<S , ^)i J (^)|| nondegeneracy within Legendre 
transform of Sl(8) w.r.t. do A 1 (9) 

S H (r(9),8) = Al{9)dlA\9) - S L (9), Al{9) = (9) 

The generalized Hamiltonian system [10] as the 1st order on 9 3n DE being equivalent to 
LS reads in terms of ^-local antibracket as follows 

dr Y>(p) = (T p (9),S H (9)) e , 0?(T(9),9) = O l (A(9),d e A(T(9) 1 9),9) = 0, (10) 

with generalized Hamiltonian constraints Qf(T(0), 9) coinciding with half equations from 
properly HS due to (9) and their consequences 

9f (T(9),9) = - (d r d A:(9) + S Hn (9)(-ir) , (11) 

that establishes the equivalence of HS with generalized HS and therefore with LS jointly 
with corresponding Cauchy problems setting for 9 = [10] determining integral curves 
T p (9),A t (9). In order to superfunction 

S E (A(9),d e A(9),9) = lf^\ e) f e^{B) - S L (9), (12) 

obtained by the Noether's Theorem 1 application for the translation along 9 on constant 
/i, as the symmetry transformation for (c19Sl(9)), would be by LS integral (i.e. by the 
quantity being conserved w.r.t. devolution) it is sufficient to fulfill the equations 

f e S L {9) = 0, (S Ln (9HA*(9)) ic[Sl=0 = 0. (13) 

In Hamiltonian formulation Eqs.(13) are reduced to the expressions meaning the invari- 
ance of S H (T(6),0) = S E (A(9), d e A(T(9), 9), 9) under ^-translations along T p (9) 

W9) m = V [f e S H {9) - (S H (0), S H (9)) e ] = =► (14) 
&S H {0) = 0, (S H (9),S H (9)) e = 0. (15) 

Eqs.(15) fulfillment jointly with #-superfield integrability for HS (10) is provided by the 
presence of special Hamiltonian constraints ( 9 f^ T ^ ; q^a}^^ ) — 0, (A1UA2) = %■ Really 
in view of Jacobi identity for antibracket the latter property is based on the relationship 

= dlY p (0) = -§(F>(0), (S H (T(0)),S H (n0)))e)o = 0, (16) 
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so that the translation formula on superalgebra C k {T* dd M. d x {6}), k < oo holds 

^m m =^(6) im =^ (&-adS B (0j) ^(9), *dSn(0) = (S H (9), ) e . (17) 

The HS solvability and nilpotency of the BRST type generator of 0-shifts along solutions 
s l (6) = §0 — adSn(0) are guaranteed by the master-equation fulfillment in T* dd M c i addi- 
tionally to which one may be supposed the equation validity ((T d (0), T q (0)) e uj qp (0) = 5 d p ) 

A*(e)s H (r(o)) = o, A^e) = i(-i)«n Uqp (e)(rr(e), (r«(e), ) e ) e . (is) 

Functions Q^(T(9),9) permit the analogous to Q l (9) (4) analysis of one's functional de- 
pendence with corresponding interpretation for gauge functions and relations. 

The quantization within GSQ consists in the restriction of GThGT in any 0-STF 
formulations by the prescriptions (gh, ^)Sh(l)(9) = (0,0), with standard ghost number 
distribution for T p cl {9) [1]. Solution for these equations in assuming of the potential term 
existence in Sl(h){9): S(A(9), 0) = So(A(0)), transfers generalized HS (10) into ^-solvable 
system with holonomic Q?(A(0)) = Q % (A(6)) 

{W),W).ef(^))} = {0,-(-irS 0n (A(9)),-(-irS 0n (A(9))}. (19) 

The substitution (^°(9) = dt£°(0) = C a "(9)d9) permits to extend SGT to Hamiltonian 
system with 2n DE built w.r.t. function S 1 ((T ch C)(0)) = A* l (9)TZ l ao (A(9))C a °(9) the 
enlargement of the union of which with Eqs.(19) up to 2(n + m) DE has the form of HS 

9F»{9) = {r^9),S {1] (9)Y e , S m (0) = S (A(9)) + S 1 (9),s = min. (20) 

For reducible theory the sets T p min (9) = (V d , C ao , C* Q ){9), S {1] (9), HS (20) are extended 
by means of the ghost supervariables pyramid parameterizing Ai s = {&f(9)}, T* dd A4 s 
= ^* As )(9)}. #-superfield integrability for (20) is provided by the function <S[i](0) 

deformation in powers of ghost superfields guaranteeing within theorem existence [11] the 
obtaining of proper [1,11] solution of the classical master-equation in minimal sector 

(s Hs (r s (0)),s Hs (r s (9))y e = o, (s, g h,-§- e )s Hs (r s (9)) = (0,0,0) (21) 

in the case of general (open) gauge algebra of 1Zo l ao (A(9)) . 

Enlargement of S Hm in{9) until Eqs.(21) proper solution in T* dd M s = {T s (9)}, T s (0) 
= (T m in,C a " , B a °, C* , B* o )(9) (in what follows s = ext) and deformation in h powers 
ensures the quantum action S]j(r s (0), ft) construction for abelian hypergauge determined 
by phase anticanonical transformation 

r;(0) - t' p m = (* A (e),** A (e) - %!fff } ) = sUr s (9),h) = e^s Hs (r s (9),V. (22) 

S]j(r(9), K) just as Shs(9, h) satisfies to Eqs.(18, 21) if SHmin(9, H) had been the same. 
Representation Sh s (9, K) in the forms (in omitting of 6*-dependence sign) 

s H (h) = s Hmin (h) +c* ao B a \ s Hs (h) = s u ((r,d e r),h) + (d e $* A )$ A (23) 

identifies (for irreducible GThST) P (9)S H (9,h) with S B v(T s (0),h) [1] satisfying to (21) 
with antibracket ( , )bv, calculated w.r.t. T s (0) = r 0s , and S\ s (9, K) (coinciding for 9 = 
with S[&, $*] [3]) obeying to #-superfield generating equation [3] with A s (9)S ls (9, H) — 

\ (s u (e, h), s u (e, hj) e + v + (O)s ls (0, h) = o, v + {9) = d e *W)-^r@ ■ ( 24 ) 
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Solvable HS built w.r.t. S]j(0, h) and non-equivalent to HS with Hamiltonian S# s (r s (#), h) 
plays for 9 = the key role in [1] defining the 6>-superfield (not nilpotent) BRST trans- 
formations generator annulling S^(9, h) [11] and associated with its nontrivial subsystem 

=<** w , sue, s? m = | + *y w 

GFGF Z(<S>*,d e $*)(9) as the function of sources d e $* A (0) = -J A , ((gh,e)d e <S> A = (-gh, 
e)<& ) is defined, for instance [11], by means of path integral of functions for fixed 9 (with 
usual within perturbation theory properties and measure d<&(9) = Y[ A d& A (9)) 

Z{^,de^W) = J dmew{l(SmO)^)-((de^ A (e)))}. (26) 

The actions S]j(9,h), Sh s (9,H) deformation in powers of dgT p (9) subject to Eqs.(18, 21) 
validity (now not anticanonically invariant) permits to construct Z($*, dg&*, dgT p )(9) as 
GFGF parametrically depending on d e T p [11], in first, providing the connection for 9 = 
with Z[$*] [3] found in [11]. Secondly, that fact leads to the 6*-superfield extension of 
GFGF Z(($*, <%<3>*)(0)) [1] in <%r p powers compatible with the way of gauge imposing in 
BV method. Therefore EA r((($), $*)(0)) = T(9) 

r«S>, **) (0) = \ lnZ($*, WW) + ((d e <S>* A )(<S> A ))(9), ($ A (9)) = -- J^l^ )y (27) 

is given for parametric dependence w.r.t. deT p resolving the mentioned peculiarity of 
method [3]. HS built w.r.t. S^(9,H) permits to obtain the usual [1] and new properties 
for Z{9). Corresponding to this HS with solution V{9) change T{9) — > T^^r^)) 

rU p (9) = eM^?(0W P (9), 8?(0) = | - adS*(0, h) (28) 

is anticanonical transformation with Ber|| 9 q^ 6 ^ II = Ber|| ^§^p- 1| = 1- 

Vacuum function Zq,(<&*(9)) = Z(&*(9), 0) is invariant both w.r.t. anticanonical trans- 
formation (28) (formally) and w.r.t. the same change of variables 

Z$\*W(e)) = Jd& 1 \9)exp{^(rW(9),h)} = Z*(<S>*(9)), 
Zv(*W(0)) = Jd^ 1 \9)exp{^S^ 1 \9),h)} = Z^*(9)), (29) 

and does not depend upon small variation of the gauge fermion ^($(0)). Eqs.(18, 21) for 
Sh(9, h) allow to reproduce for Z(9), T(9) (the standard for 9 = 0) Ward identities 

V+(d)Z(9) = 0, (r(0),r(0))P = O, (30) 

_ o 

and with regards for permutability rule: d$ J d$>(9) = J d^(9)(^ + V+(9)), to obtain the 
relations 

d e Z(9) m = V + (9)Z(9) = 0, d r e T(9) m = (T(9), T(B))f }) = 0, (31) 

revealing the fact of GFGF invariance under the 6>-superfield BRST type transforma- 
tions generated by HS in question. In deducing of the Eqs.(31) it is implied the use of 
corresponding average of the HS w.r.t. Z(9), T(9). 
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Note the GSQ construction may be generalized both to the case of curved A4 S , T* dd M. s 
and for nonabelian hypergauges. Secondly, the standard BRST transformations definition 
in BV method from superfield ones is given by the Eqs.(25) with solution T(9) 

p 5^(9) m = p (d r e r*>(e)) m n = sj%, 

5^ A = (V , S H (</>, </>* + ^~,hj ) (1, 8^ A = 0. (32) 

Thirdly, the ^-component formulation of the superfield objects and operations from 0-STF 
[9,10] jointly with connection establishment of the GSQ quantities with ones from BV [1] 
and superfield [3] methods are detailed in [11]. 
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